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ABSTRACT
In this paper, we estimate the eccentricity of the 10 BBHs in GWTC-1 by using the
inspiral-only BBH waveform template EccentricFD. Firstly, we test our method with
simulated eccentric BBHs. Afterwards we apply the method to the real BBH gravita-
tional wave data. We find that the BBHs in GWTC-1 except GW151226, GW170608 and
GW170729 admit almost zero eccentricity. Their upper limits on eccentricity rang from
0.033 to 0.084 with 90% credible interval at the reference frequency 10Hz. And their
median eccentricities are 0.000. For GW151226, GW170608 and GW170729, the upper
limits are higher than 0.1. But the median eccentricities are respectively 0.000, 0.064
and 0.000. We also point out the limitations of the inspiral-only waveform template in
eccentricity measurement. The current eccentricity measurement results of GWTC-1 is
not enough to constrain the formation mechanisms of BBHs, and more observational
data are needed in the future.
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1 INTRODUCTION
Since LIGO successfully detected GW150914 on Septem-
ber 14, 2015 (Abbott et al. 2016b,c,d), the door of gravi-
tational wave astronomy opened. LIGO detected 3 gravita-
tional wave events of binary black hole (BBH) coalescence
in O1 (Abbott et al. 2016a). LIGO-Virgo Scientific Collab-
oration detected 8 new GW events in O2 (Abbott et al.
2019b), including 7 events of BBH and 1 event of bi-
nary neutron star (BNS). The first BNS event GW170817
(Abbott et al. 2017b) opened the door of multi-messenger
astronomy (Abbott et al. 2017c).
The data of O1/O2 have been released (Abbott et al.
2019a). A catalog of O1/O2 GW events, GWTC-1 has been
reported (Abbott et al. 2019b). The PyCBC group reana-
lyzed the public data and verified the results of GWTC-1.
Their results are included in the 1-OGC catalog (Nitz et al.
2019d). After that, other groups also reanalyzed the pub-
lic O1/O2 data (Antelis & Moreno 2019; Venumadhav et al.
2019; Stachie et al. 2020). Several new BBH candidates
are reported (Zackay et al. 2019a,b; Gayathri et al. 2019;
Venumadhav et al. 2019). Recently, PyCBC group has made
some improvements on their PyCBC pipeline (Nitz et al.
2020), including the correction for short time variations
of detectors’ noise power spectral density (PSD) and the
instantaneous network sensitivity. Based on this improve-
ment they partially validated some new BBH candidates of
⋆ corresponding author: zjcao@amt.ac.cn
other groups. The result is reported in the 2-OGC (Nitz et al.
2019a), all these new candidates have not been confirmed
yet. No significant eccentric BNS candidate are found
(Nitz et al. 2019b).
O3 observation has also begun in April 2019. And
dozens of CBC candidates1 have been found including
GW190425 (Abbott et al. 2020). About 100 events are ex-
pected in the whole O3 observation.
The masses of BBHs detected by gravitational waves
are significantly higher than that obtained by the observa-
tion of X-ray binaries (Abbott et al. 2016a). This fact raises
a question about the origin of these black holes. It is diffi-
cult to answer how these binary black holes are formed. Cur-
rent theories about the formation mechanism can be divided
into two categories: isolated binary evolution and dynamical
formation. With different formation mechanisms, the event
rate, mass distribution, spin distribution, and eccentricity
distribution of BBHs will differ. It’s possible to use gravita-
tional waves to determine these distributions and to better
understand the formation mechanism.
An isolated binary is also called a ”field binary”. The
binary system is already a binary star system at the stellar
stage. In order to merge by radiating gravitational waves
within the age of the Universe (Celoria et al. 2018), peo-
ple have proposed several hypotheses: (1) the common en-
velope hypothesis (Livio & Soker 1988; Taam & Sandquist
1 https://gracedb.ligo.org/superevents/public/O3/
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2000; Dominik et al. 2012; Kruckow et al. 2016) assumes the
two stars will go through a series of common envelope stages,
and consequently the orbital distance will be shortened by
the effect of friction force; (2) the chemically homogeneous
hypothesis (Mandel & De Mink 2016; De Mink & Mandel
2016) can avoid the problems caused by the expansion of
the predecessor star and will not annex another predeces-
sor star due to the expansion; (3) the failed supernova may
provide a fallback-driven mechanism to harden the binary
(Tagawa et al. 2018).
The mechanism of dynamical formation is different from
that of isolated binary. The component objects in the bi-
nary system are already compact objects before the forma-
tion of the binary system. In dense environments, such as
young star clusters, globular clusters and galactic nuclei,
compact objects may form a binary system due to the re-
lease of gravitational energy during the encounter. There are
many works studied the dynamical formation mechanism
(Sigurdsson & Hernquist 1993; Wen 2003; Antonini et al.
2016; O’Leary et al. 2016; Gonda´n et al. 2018b; Samsing
2018; Hoang et al. 2018; Fragione et al. 2019; Taka´tsy et al.
2019). For example the dynamical evolution of primordial
black holes (BHs) in dense star clusters (O’Leary et al. 2006)
and the scattering of stellar-mass black holes in galactic nu-
clei (O’Leary et al. 2009a) have been carefully studied.
The formation rate of BBH under different formation
mechanisms will be different, and consequently will lead
to differences in the expected BBH event rate observed
through gravitational waves. LIGO-Virgo Scientific Collab-
oration analyzed 10 BBH events of GWTC-1, and the event
rate is obtained by fitting the phenomenological model. They
found the BBH merger rate is about R = 53.2+55.8−28.2 Gpc
−3yr−1
(90% credible interval) (Abbott et al. 2019d).
The spin of the BBH will also be different under differ-
ent formation mechanisms. Measuring the spin of the BBH
by gravitational waves is also an effective method to dis-
tinguish the different formation mechanisms. The spin of
individual compact objects in an isolated binary should be
parallel to the orbital angular momentum of the binary sys-
tem due to the common envelope. In the dynamical forma-
tion mechanism, the frequent interaction of compact objects
in the dense environment makes the spin of the individual
compact object randomly distributed. Since the spin of a
single compact object is difficult to accurately measure by
gravitational wave, the projection to the direction of or-
bital angular momentum, the effective spin χeff, is usually
measured (Abbott et al. 2019b). Many works (Vitale et al.
2015; Farr et al. 2017, 2018; Fernandez & Profumo 2019;
Bouffanais et al. 2019; Roulet & Zaldarriaga 2019) have
been paid to study how to use the distribution difference
of χeff to distinguish different formation mechanisms.
The mass distribution of BBH formed under different
formation mechanisms will also be different. According to
the 10 BBHs in GWTC-1, LIGO-Virgo Scientific Collaboration
obtains that the probability of the more massive black hole
in the BBH that greater than 45 M⊙ is not higher than 1%,
and the power-law index of the mass spectrum is α = 1.3+1.4−1.7
(Abbott et al. 2019d).
The eccentricity is also an important indicator to dis-
tinguish the formation mechanisms of BBHs. The orbit of
an isolated BBH will be circularized by gravitational wave.
When the gravitational wave signal enters the LIGO sen-
sitive frequency band (10Hz to 1000Hz), the orbital eccen-
tricity is expected to approach 0 (Peters 1964; Hinder et al.
2008; Kowalska et al. 2011). Differently the compact objects
in a dense environment constantly disturb each other. When
two black holes meet to form a binary black hole system, a
large orbital eccentricity is expected. For example, they may
meet in a parabolic orbit in the galactic nuclei, which results
in a BBH with the eccentricity near 1 (O’Leary et al. 2009b).
So measuring the eccentricity of BBH is an effective means
to clearly distinguish the formation mechanisms.
Parameters estimation through gravitational wave de-
tection requires accurate templates. In order to measure
the eccentricity of BBH, accurate eccentric BBH gravita-
tional wave templates are needed. The SEOBNRv3 (Pan et al.
2014; Taracchini et al. 2014; Babak et al. 2017) and IMRPhe-
nomPv2 (Hannam et al. 2014; Khan et al. 2016; Husa et al.
2016) templates are extensively used by LIGO-Virgo Sci-
entific Collaboration. But all these templates only describe
circular BBH, consequently LIGO-Virgo Scientific Collab-
oration does not measure the eccentricity in the catalog
GWTC-1 (Abbott et al. 2019b). LIGO-Virgo Scientific Col-
laboration recently used a non-template search pipeline cWB
to search eccentric BBHs (Abbott et al. 2019e). Except the
known BBHs in GWTC-1, no other BBH signal was found.
Without template, cWB can not estimate the eccentricity of
BBHs.
Currently there are many inspiral-only waveforms in-
cluding x-model (Hinder et al. 2010), postcircular (PC)
model (Yunes et al. 2009), EccentricFD (Huerta et al.
2014), TaylorF2e (Moore & Yunes 2019b). These templates
assume small eccentricity and do not support spin. Recently
Cao & Han (2017) developed an eccentric BBH waveform
SEOBNRE. This full inspiral-merger-ringdown waveform SEOB-
NRE also supports spins of black holes. A good match of
SEOBNRE to the numerical relativity waveforms has been
found in the range of eccentricity from 0 to 0.6 at reference
frequency M f0 = 0.002 (Liu et al. 2019). But its generation
speed is slow and cannot be directly used for the actual
estimation of gravitational waves. This forces the authors
Romero-Shaw et al. (2019) and Romero-Shaw et al. (2020)
combined SEOBNRE and a reweight method to measure the
eccentricity. As the authors pointed out, this method has
some limitations. It requires the use of two gravitational
wave templates, one without eccentricity (such as IMRPhe-
nomD (Khan et al. 2016)) and one with eccentricity (such
as SEOBNRE). Firstly use the template without eccentricity
for parameter estimation and get the posterior distribution
without eccentricity. Afterwards use the template with ec-
centricity to weight the sampling points obtained in the
previous step to obtain the posterior distribution with ec-
centricity. The prerequisite of this method is that the two
likelihood functions obtained by the two templates should
be very similar (Payne et al. 2019). Otherwise the number
of effective sampling points will be seriously reduced. The
systematic error caused by using different templates needs
more research (Abbott et al. 2017a; Ashton & Khan 2019).
Along with gravitational wave detection, parameter es-
timation methods can roughly be divided into two types.
The first one is the Fisher information matrix (FIM)
(Cutler & Flanagan 1994), which was widely used in the
early days. The second one is the current mainstream,
Markov chain Monte Carlo (MCMC) and nested sampling,
MNRAS 000, 1–10 (2020)
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which are stochastic sampling algorithms (Veitch et al.
2015). In the early articles about measuring eccentric-
ity, the Fisher information matrix method was widely
used (Sun et al. 2015; Ma et al. 2017; Nishizawa et al. 2017;
Gonda´n et al. 2018a; Pan et al. 2019). Due to the limita-
tions of FIM itself (Vallisneri 2008; Rodriguez et al. 2013),
it needs the true value of parameters and high signal-to-noise
ratio, so none of the above works used real gravitational wave
data. In recent years, people began to use stochastic sam-
pling algorithms such as MCMC and nested sampling for ec-
centricity measurement (Lower et al. 2018; Moore & Yunes
2019a). But these works still remain on simulated signals.
Based on the EccentricFD waveform, Lower et al. (2018)
found the minimum measurable eccentricity of the HLV de-
tector network at the design sensitivity is 0.05 at 10Hz.
In this work, we present the first measurement of BBHs’
eccentricity in GWTC-1 by using inspiral-only waveform com-
bined with standard parameter estimation methods. Follow-
ing (Lower et al. 2018) we use EccentricFD waveform. The
eccentricity support of this waveform ranges from 0 to about
0.4 (Huerta et al. 2014). This waveform is also taken by the
PyCBC group to search eccentric BNS (Nitz et al. 2019b).
Based on the EccentricFD waveform, we find that the eccen-
tricity of the 10 BBHs in GWTC-1 is zero with 90% credible
interval.
At the same time we also find the limitations of us-
ing inspiral-only waveform, mainly due to the low signal-to-
noise ratio of matched filtering. We verify this conclusion by
simulating a large number of low signal-to-noise ratio BBH
signals.
In this paper we use the geometric units (G = c = 1).
The remainder of this paper is organized as follows. In the
Section 2, we show the method used in this paper. We intro-
duce EccentricFD and Bayesian parameter estimation used
in this paper. Later we introduce the calculation method
of the gravitational wave frequency of the last stable or-
bit flso (in order to cut off the actual signal). In the Sec-
tion 3, we test our method by simulating BBH signals. We
use GW150914-like BBH signals for testing. We simulate
200 low signal-to-noise ratio BBH signals for Kolmogorov-
Smirnov test to verify the accuracy of parameter estimation.
We show the relationship between 90% credible interval and
the signal-to-noise ratio of the detector network. In the Sec-
tion 4, we show the measurement results of the GWTC-1. In
the Section 5, we discuss the future development of eccen-
tricity measurement method and its applications.
2 METHODS
In this section, we describe the method used in this paper.
The Section 2.1 briefly review the EccentricFD waveform
template. The Section 2.2 introduces our parameter esti-
mation scheme. Since the EccentricFD template has only
inspiral part, we need a cut-off frequency to drop the extra
signal. The Section 2.3 explains our calculation method of
the cut-off frequency.
2.1 EccentricFD waveform
EccentricFD is the name of a waveform template in LAL-
Suite (LIGO Scientific Collaboration 2018), which corre-
sponds to enhanced post-circular (EPC) model in the
original paper (Huerta et al. 2014). The EPC model in the
original paper is designed for a single detector. It calculates
the strain of the single detector (in the detector frame). Ec-
centricFD decomposes the two polarizations of the gravita-
tional wave (h+ and h×) and transforms from the detector
frame to the geocentric frame. We denote the mass of the
two compact objects as m1,2, the total mass as M = m1 +m2,
the symmetric mass ratio as η = m1m2
M2
, and the chirp mass
as M = η3/5M.
The EPC model is constructed by combining two ap-
proximations: the high-order quasi-circular post-Newtonian
(PN) approximation and the leading-order post-circular ap-
proximation. The EPC model can be written as
h( f ) = CM
5/6
DL
f −7/6
10∑
ℓ=1
ξℓ
(
ℓ
2
)2/3
e−i(π/4+Ψℓ ), (1)
Ψℓ = 2π f tc − ℓφc −
π
4
+
(
ℓ
2
)8/3
3
128η (νecc)5
i=7∑
i=0
ai (νecc)i , (2)
C = −
(
5
384
)1/2
π−2/3, (3)
where f is the frequency of GW, DL is the luminosity dis-
tance between the detector and the GW source, φc is the
initial orbital phase, tc is the arrival time of GW singal in
detector frame, and νecc is the orbital velocity of the com-
pact objects, which depends on f and the initial eccentricity
e0. The explicit expression of νecc is listed in Huerta et al.
(2014) and the coefficients ai can be found in Eq. (3.18) of
Buonanno et al. (2009). The amplitude ξℓ depends on the
two polar angles ι and β, the polarization angle ψ, the GW
source location θ and φ. The detail expression of ξℓ can be
found in Yunes et al. (2009).
The EPC model can be used until the last stable orbit
(LSO) frequency
flso =
1
6
√
6πM
. (4)
The EPC model will recover TaylorF2 when the eccentricity
is equal to zero (Huerta et al. 2014).
2.2 Gravitational wave parameter estimation
Bayesian method has been used for parameter esti-
mation of gravitational waves (Finn & Chernoff 1993;
Cutler & Flanagan 1994; Nicholson & Vecchio 1998;
Christensen & Meyer 2001; Cornish & Crowder 2005), and
Markov chain Monte Carlo (MCMC) method has become
the mainstream method for gravitational wave parameter
estimation (Van Der Sluys et al. 2008; Veitch & Vecchio
2010; Raymond 2012; Aasi et al. 2013; Veitch et al. 2015)
in the past ten years. There are already some software
packages dedicated to parameter estimation of gravitational
waves, including LALInference (Veitch et al. 2015), PyCBC
Inference (Biwer et al. 2019) and Bilby (Ashton et al.
2019). We use Bilby (Ashton et al. 2019) and dynesty
sampler (Speagle 2019) in the current study.
After the search pipelines such as cWB
(Klimenko & Mitselmakher 2004; Klimenko et al.
2005, 2008; Drago 2010; Klimenko et al. 2016), GstLAL
MNRAS 000, 1–10 (2020)
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(Messick et al. 2017; Sachdev et al. 2019) and PyCBC
(Nitz et al. 2018) have found a GW trigger, the correspond-
ing data ®d(t) around that trigger time should be analyze
more for the GW source parameters ®ϑ under some model
assumption H, say CBC model as considered in the current
paper. According to the Bayes’ theorem (Bayes 1763), we
have
p( ®ϑ| ®d(t), H) = p(
®d(t)| ®ϑ, H)p( ®ϑ|H)
p( ®d(t)|H)
, (5)
where p(A|B) means the conditional probability of event A
under the condition of given event B, p( ®ϑ| ®d(t), H) is the pos-
terior probability density of model parameters, p( ®ϑ|H) is the
prior probability density, p( ®d(t)| ®ϑ, H) is the likelihood func-
tion for the Gaussian noise (Wainstein & Zubakov 1970)
p( ®d(t)| ®ϑ, H) = exp
[
−1
2
N∑
i=1
〈n˜i ( f )|n˜i( f )〉
]
(6)
= exp
[
−1
2
N∑
i=1
〈
d˜i ( f ) − s˜i( f , ®ϑ)|d˜i( f ) − s˜i( f , ®ϑ)
〉]
, (7)
where N is the number of detectors in the detector network.
The inner product is
〈
a˜i ( f )|b˜i( f )
〉
= 4R
∫ fmax
fmin
a˜i( f )b˜i( f )
S
(i)
n ( f )
d f , (8)
where S
(i)
n ( f ) is the power spectral density (PSD) of the i-
th detector’s noise. d˜i ( f ) and n˜i ( f ) are the frequency do-
main representations of the data and noise. s˜i( f , ®ϑ) is the
i-th detector’s strain (GW waveform model’s projection on
i-th detector) in the frequency domain.
In order to get the posterior probability density of
model parameters, we need some stochastic sampling al-
gorithms, such as Markov chain Monte Carlo (MCMC)
(Metropolis et al. 1953; Hastings 1970) and nested sampling
(Skilling et al. 2006). In this paper, we use the nested sam-
pler dynesty (Speagle 2019) for parameter estimation.
In this paper, we sample the chirp mass M and mass
ratio q, instead of sampling the mass of a single black hole
(m1,m2), because the gravitational wave waveform is mainly
determined by the chirp mass, as we can see in the post-
Newton approximation, so that the convergence efficiency
would be higher. Other parameters are the eccentricity e,
the luminosity distance DL , the declination θ and the right
ascension φ, the inclination angle between the line of sight
and the orbital angular momentum of BBH ι, the polar-
ization angle ψ, the phase at coalescence φc, and the coa-
lescence time tc. The range of the prior distribution of all
parameters is shown in the Table 1.
2.3 Cut-off frequency
When the waveform template coincides with the gravita-
tional wave signal in the data, the likelihood function will
obtain the maximum value, which means that the randomly
sampling points will converge around the true parameters in
the parameter space. The EccentricFD waveform template
has only the inspiral part. In order to avoid the residual
gravitational wave signal corresponding to the merger and
ringdown part interfere the likelihood function, we need to
Table 1. The range of the prior distribution of all parameters. t
means the trigger time of BBH, we also set constrain on m1, m1 ∈
[1.001398, 150]. The eccentricity e means the initial eccentricity
at the reference frequency 10Hz. ”UniformSourceFrame” means
uniform in comoving volume and source frame time.
parameter unit prior range boundary
M M⊙ Uniform [2, 60] reflective
q 1 Uniform [0.125, 1] reflective
e 1 LogUniform [10−10, 0.4] reflective
DL Mpc UniformSourceFrame [100, 5000] reflective
φ rad. Uniform [0, 2π] periodic
θ rad. Cosine [−π/2, π/2] reflective
ι rad. Sine [0, π] reflective
ψ rad. Uniform [0, π] periodic
φc rad. Uniform [0, 2π] periodic
tc s Uniform [t-0.1, t+0.1] None
set the cut-off frequency and remove the merger and ring-
down part signal in frequency domain.
As mentioned in the Section 2.1, we use the gravita-
tional wave frequency of the last stable orbit (LSO) as the
cut-off frequency, flso, which is also the cut-off frequency
of the EccentricFD template. The flso depends on the to-
tal mass M of the BBH. We use the public data from Py-
CBC group (Nitz et al. 2019c). The PyCBC group has done
the parameter estimation on 2-OGC by using PyCBC Infer-
ence. The PyCBC Inference uses parallel tempering sampler
ptemcee (Vousden et al. 2016). We take the median values of
m1, m2 (source frame) for the 10 BBHs in 2-OGC, which cor-
respond to the 10 BBHs of GWTC-1. Combined with the me-
dian values of redshift, we get the masses in geocentric frame,
then we obtain the median value of total mass M. Based on
this M we calculate the median value of flso through (4). We
list the results in the Table 2. In addition we also calculate
the flso for the four new BBH candidates in 2-OGC for later
usage.
We note that ”inspiral-merger-ringdown (IMR) consis-
tency test” (Ghosh et al. 2016, 2017) used another cut-off
frequency fc, which is also used to distinguish the inspi-
ral part and the post-inspiral part of the signal. The fc
corresponds to the innermost stable circular orbit GW fre-
quency of the final Kerr black hole. Following the method
of Healy et al. (2014), we calculate the median values of the
mass and spin of the final Kerr black hole based on the pub-
lic posterior data of 2-OGC, we take the median values of m1,
m2 (geocentric frame) for the 10 BBHs in GWTC-1 as what
we have done for flso, then we caculate the median values of
spin in the orbital angular momentum direction by using the
median values of the dimensionless spin and the polar angle
of the dimensionless spin, using the method of Healy et al.
(2014), we caculate the median values of the mass and spin
of the final Kerr black hole, then we calculate the fc based
on the median values of the mass and spin of the final Kerr
black hole. Our results are consistent with the results listed
in the Table III of (Abbott et al. 2019c). For comparison we
list these fc also in the Table 2.
3 SIMULATED DATA STUDY
In order to verify the effectiveness of our method, we test our
method against some simulated signals before performing
parameter estimation on 10 real BBH gravitational wave sig-
MNRAS 000, 1–10 (2020)
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Table 2. The gravitational wave frequencies for the last stable
orbit flso and the inner most circular orbit fc. The results for the
10 BBH events and the 4 new candidates in 2-OGC, which are
marked with ”*”.
event flso/Hz fc/Hz
GW150914 61.51 130.20
GW151012 101.15 207.41
GW151205* 26.45 59.20
GW151226 186.82 426.33
GW170104 72.78 143.55
GW170121* 60.63 119.13
GW170304* 40.50 90.68
GW170608 217.44 473.14
GW170727* 43.38 89.79
GW170729 35.83 90.30
GW170809 62.14 136.14
GW170814 69.77 158.09
GW170818 58.71 118.01
GW170823 48.22 105.38
Table 3. The injected parameters of two GW150914-like BBHs.
The eccentricity e means the initial eccentricity at the reference
frequency 10Hz.
parameter unit injected value
m1 M⊙ 35.0
m2 M⊙ 30.0
e 1 0.0 (0.1)
DL Mpc 440
φ rad. 45
θ rad. 5.73
l rad. 0.4
ψ rad. 0.1
φc rad. 1.2
tc s 1126259462.422
nals in GWTC-1. In Section 3.1, we simulate two GW150914-
like BBH signals. One admits eccentricity e = 0.1 and one
without eccentricity (e = 0). We illustrate the effects of the
eccentricity by plotting the time/frequency domain wave-
form. Then we do the parameter estimation of these two
signals by using our method, and it finds that our method
can accurately obtain the eccentricity. In order to statisti-
cally verify the validity of our method, we simulate 200 BBH
events with eccentricity in Section 3.2. Our method passes
the Kolmogorov-Smirnov test. Finally, we also discuss the re-
lationship between the 90% credible interval of eccentricity
and the signal-to-noise ratio of the detector network. The re-
lationship indicates the limitation of inspiral-only waveform
to measure eccentricity.
3.1 GW150914-like BBHs test
We analyze two simulated GW150914-like BBH events in
this subsection. The parameters of the two simulated grav-
itational wave events are shown in the Table 3. The values
are set according to the Table I of Lower et al. (2018).
With the parameters listed in the Table 3, we use the
complete eccentric waveform SEOBNRE (Cao & Han 2017;
Liu et al. 2019) to generate the simulated signals for the
Figure 1. The time and frequency domain GW strain of the
simulated GW150914-like BBHs for Advanced LIGO H1 detector.
purpose of illustration in the Figure 1, and we use Eccen-
tricFD in actual parameter estimation. We compare the
time/frequency domain waveforms of these two simulated
BBHs, as shown in Figure 1. In the top subplot, we can see
that the time domain signal of eccentric BBH is shorter than
the circular one. The eccentricity introduces amplitude mod-
ulation on the GW waveform. The difference is larger for the
lower frequency part. In the bottom subplot, we can see the
relative relationship between the strain caused by these two
simulated BBHs and the sensitivity of the Advanced LIGO
H1 detector (design sensitivity). We can also see the am-
plitude modulation in the low frequency part introduced by
eccentricity. The three vertical lines represent 10Hz, flso and
fc, respectively. According to the optimal SNR
ρ2opt = 4
∫ fmax
fmin
| h˜( f )|2
Sn( f ) df =
∫ fmax
fmin
(2| h˜( f )|√ f )2
Sn( f ) d ln( f ), (9)
the ”area” between the GW strain and the ASD represents
the optimal SNR. It is also the maximum SNR that matched
filtering can achieve. According to the designed sensitivity
of Advanced LIGO, we have fmin = 10Hz. Due to the cut-
off frequency of the EccentricFD template used in this pa-
per fmax = flso, the matched filtering SNR will be smaller
than the result of the complete eccentric BBH waveform.
Differently the LIGO-Virgo Scientific Collaboration used
fc as the cut-off frequency in the inspiral-merger-ringdown
(IMR) consistency test with the quasi-circular BBH tem-
plates. Therefore, the matched filtering SNR calculated in
the Section 4 is different from the ρinsp results in the Table
III of Abbott et al. (2019c).
We use the method described in the above section to cal-
MNRAS 000, 1–10 (2020)
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Figure 2. The 1D marginal posterior distribution of the eccen-
tricity for the two simulated signals. The two dash lines represent
the true values. The dotted lines represent the 90% credible in-
tervals.
culate the posterior distribution of the source parameters.
And the marginalized posterior distribution for the initial
eccentricity at reference frequency 10Hz can be got accord-
ingly. We plot the results for the two simulated signals in the
Figure 2. The vertical dash lines represent the true values.
It can be seen that out method can accurately catch the ec-
centricity of BBHs. Other parameters can also be accurately
got. We leave the posterior probability of the other primary
parameters to the Appendix A.
3.2 Kolmogorov-Smirnov (KS) test
We test the statistical property of our method in this sub-
section. According to the LIGO-Virgo Scientific Collabora-
tion’s standard, any gravitational wave parameter estima-
tion method needs to pass the Kolmogorov-Smirnov (KS)
test (Sidery et al. 2014; Veitch et al. 2015; Biwer et al. 2019;
Thrane & Talbot 2019). For such KS test, we simulate 200
BBH events whose parameters are randomly drawn from the
prior distribution listed in the Table 1. Here we use Eccen-
tricFD to simulate the signals. Then we inject these simu-
lated signals into a detector network composed of the two
Advanced LIGO detectors H1 and L1. Both detectors take
their design sensitivity. Considering our matched filtering
SNR on the real BBHs in GWTC-1 will be relatively lower
than the ones of Abbott et al. (2019c) because EccentricFD
has only the inspiral part, we set the SNR range (6, 20) ac-
cording to the ρinsp in Table III of Abbott et al. (2019c).
The final result is shown in the Figure 3. Our method can
accurately recover the parameters of BBHs. The cumulative
distribution curve of each parameter strictly follows the di-
agonal line and falls in the error range (the shadow area).
We have also investigated the relationship between the
90% credible interval and the signal-to-noise ratio of the de-
tector network (Huang et al. 2018). The result is plotted in
the Figure 4. The simulated data used here is the same as
those in the Figure 3. Huang et al. (2018) fixed all param-
eters except the luminosity distance. It is different in the
current work. We simulate signals with random parameters
Figure 3. This plot shows the fraction of simulated BBH signals
with parameter values within a credible interval as a function of
credible interval. The diagonal line indicates the ideal 1-to-1 rela-
tion, which is expected if the parameter estimation method pro-
vides unbiased estimates of the BBH parameters. We perform the
Kolmogorov-Smirnov (KS) test on each parameter (10 in total).
The obtained two-tailed p-value indicate the consistency between
the curves and the diagonal line. The combined p-value is showed
in the plot title. The gray region indicates the fluctuations (90%
credible interval) for the single parameter due to the finite sample
size.
Figure 4. The relationship between the 90% credible interval and
the signal-to-noise ratio of the detector network. The gray points
represent the true eccentricity of 200 BBHs. The brown points
represent the upper limit of the 90% credible interval calculated
by our method. The brown line and the shaded area represent
the fitting curve and the 90% confidence interval of the fitting,
respectively. The black dash line represents the eccentricity’s up-
per bound of the 90% interval of prior distribution, which is about
0.36.
from the prior distributions. This is better to test the gen-
eral capability of our method. The gray points represent the
true eccentricity of 200 BBHs. The brown points represent
the upper limit of the 90% credible interval calculated by our
method. The brown line and the shaded area represent the
fitting curve and the 90% confidence interval of the fitting,
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Figure 5. The posterior distribution of eccentricity for 10 real BBH events in GWTC-1. The gray histogram represents the posterior
distribution of eccentricity. The green line represents the upper limit of the 90% credible interval. The brown line represents the median
value of the posterior distribution of eccentricity. In the legend ρnet is the median value of the matched filtering signal-to-noise ratio
calculated with EccentricFD.
respectively. The black dash line represents the eccentric-
ity’s upper bound of the 90% interval of prior distribution,
which is about 0.36. When the signal-to-noise ratio of the
detector network increases, the 90% credible interval of the
eccentricity becomes narrower. But within the range of the
signal-to-noise ratio tested in this paper, the 90% credible
interval of the eccentricity is generally around 0.1.
4 THE ECCENTRICITY MEASUREMENT OF
BBHS IN GWTC-1
Now we apply our method to the real data of the 10 BBH
events in GWTC-1. The sensitivity of Advanced LIGO and
Advanced Virgo has not reached their respective design sen-
sitivities during the O1 and O2 periods. There is a strong
seismic noise below 20Hz. So we follow the GWTC-1 paper
(Abbott et al. 2019b) and choose fmin = 20Hz for the inner
product. There is one exception. The H1 data of GW170608
has strong non-Gaussian noise below 30Hz (Abbott et al.
2017d), so the fmin of GW170608 in H1 data is set to 30Hz.
The flso is again chosen as the fmax in the inner product.
But note that we still use 10Hz as the reference frequency
for the initial eccentricity, which means we measure the ec-
centricity at 10Hz of the GW. This is consistent with the
reference frequency of the simulated signals in Section 3.2.
We plot the posterior distribution of eccentricity in the
Figure 5 with gray histogram. The green line represents the
upper limit of the 90% credible interval e90max. The brown line
represents the median of the posterior distribution of eccen-
tricity emedian. We list the median value of the matched
filtering signal-to-noise ratio ρnet calculated with Eccen-
tricFD in the legend after the GW event name. For clarity
we also list ρnet, emedian and e
90
max in the Table 4.
Table 4.Measurement results for the 10 real BBH events in GWTC-
1. ρnet is the median value of the matched filtering signal-to-noise
ratio calculated with EccentricFD. emedian is the median of the
posterior distribution of eccentricity. And e90max is the upper limit
of the 90% credible interval.
event ρnet emedian e
90
max
GW150914 12.113 0.000 0.045
GW151012 7.738 0.000 0.084
GW151226 10.578 0.000 0.181
GW170104 6.834 0.000 0.046
GW170608 14.683 0.064 0.166
GW170729 1.102 0.000 0.142
GW170809 7.032 0.000 0.076
GW170814 11.557 0.000 0.033
GW170818 4.010 0.000 0.076
GW170823 4.388 0.000 0.077
There are three BBHs, GW170729, GW170818, and
GW170823, admitting a relatively low network signal-to-
noise ratio ρnet < 6. This is because the flso of these events
is low. Their cut-off frequencies are respectively 35.83Hz,
58.71Hz and 48.22Hz, closing to fmin=20Hz. The short in-
tegral frequency range results in a low signal-to-noise ratio.
There are three BBHs, GW151226, GW170608, and
GW170729, admitting a relatively high upper bound of the
eccentricity’s 90% credible interval e90max > 0.1. But their
median values are also relatively low, which are less than
0.1. Their median values are respectively 0.000, 0.064, and
0.000. Reminding the relatively high e90max results of the sim-
ulated signal in the above section, we conclude that the ec-
centricity of the 10 BBHs in GWTC-1 have no significant ec-
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centricity. This result is consistent with the conclusion of
Romero-Shaw et al. (2019).
5 DISCUSSION
In this paper, we for the first time directly apply the stochas-
tic sampling algorithm to measuring the eccentricity of the
10 BBH gravitational wave events in GWTC-1. Due to the slow
waveform generation speed of SEOBNRE code, the inspiral-
only waveform EccentricFD is adopted in the current work.
The results show that the eccentricities of all these 10 BBHs
are small. They are very possibly less than 0.1 when the
corresponding GWs enter the LIGO band.
Due to the inspiral-only waveform, part of the GW sig-
nal is wasted. That is why the 90% credible interval of the
eccentricity is relatively large. This indicates the importance
of applying a complete eccentric BBH template to param-
eter estimation. Next step we plan to use SEOBNRE as the
waveform template to do the measurement. In order to ac-
celerate the waveform generation speed, there are some pos-
sible methods such as reduced order modeling (ROM) and
reduced-order quadrature (ROQ) (Field et al. 2011, 2012;
Canizares et al. 2015; Smith et al. 2016; Pu¨rrer et al. 2017;
Chua et al. 2019).
Previous work (Sun et al. 2015) indicates that using
quasi-circular waveform templates may result in many ec-
centric signals loss. In another word we do not expect the
detected BBHs based on quasi-circular waveform templates
admit significant eccentricity. This explains why the 10 BBH
events in GWTC-1 admit negligible eccentricity. Only when
the complete inspiral-merger-ringdown eccentric waveform
template such as SEOBNRE is applied to searching GWs, we
expect eccentric events can be found.
In the future, with the increasing sensitivity of gravita-
tional wave detectors, the continuous accumulation of BBH
events, and the improvement of eccentricity measurement
methods, we will be able to distinguish the formation mech-
anisms of BBH by measuring the eccentricity of these BBHs.
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Figure A1. The posterior distributions of primary parameters
for GW150914-like BBH with e = 0.1. The true values are given by
the orange lines. The contours in the two-dimensional posteriors
plot represent the 68%, 95%, and 99% credible intervals. The
numbers listed at the top of each 1D marginal distribution plot
are the median values of the posteriors and the boundary values
of the 95% confidence intervals.
APPENDIX A: THE POSTERIOR
PROBABILITY OF THE SOURCE
PARAMETERS OF TWO GW150914-LIKE BBHS
Here we provide the posterior distributions of primary pa-
rameters for the two GW150914-like BBHs illustrated in the
Section 3.1.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
Figure A2. The posterior distributions of primary parameters
for GW150914-like BBH with e = 0.0. The plot convention is the
same as that of the Figure A1.
MNRAS 000, 1–10 (2020)
